Validation of Flight Control Law Based on LFT and Structured Singular Value  by ZHOU, Xi et al.
  
Chinese 
Journal of 
Aeronautics Chinese Journal of Aeronautics 20(2007)60-65
www.elsevier.com/locate/cja
Validation of Flight Control Law Based on LFT and 
Structured Singular Value 
ZHOU Xi*, LIU Lin, CHEN Zong-ji, DUAN Hai-bin 
School of Automation Science and Electrical Engineering, Beijing University of Aeronautics and Astronautics, Beijing  100083, China 
Received 13 February 2006; accepted 21 September 2006 
Abstract 
The main goal of flight clearance is to use the structured singular value ( μ ) analysis of the flight control system when some pa-
rameters in the system vary in a certain range. As the μ-analysis can only be done on a linear fractional transformation (LFT) model, the 
first step of flight clearance is to generate the LFT model of the flight control system. In this paper, based on the introduction of basic 
theory of LFT and μ-analysis, an X-fighter is chosen as an example to utilize the proposed methods. In order to realize the flight clear-
ance process automatically, a novel software package based on MATLAB programming language is developed. The results of simulation 
experiments validate the feasibility and effectiveness of the novel methods proposed in this paper. 
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1  Introduction 
In recent years, flight clearance is often pro-
posed as a new concept to validate the robust stabil-
ity of a flight control system in a certain area of the 
flight envelop[1]. The fighter dynamics and the 
aerodynamics are very nonlinear; however, the con-
trol law of the fighter is always designed in linear 
methods and in discrete points. Therefore, it is ob-
vious that the validation of the control law is very 
important. Flight clearance is to investigate the pa-
rameter variations and to validate that the system 
will work and remain stable for all possible pa-
rameter variations[2].  
The short period mode is the most dangerous 
mode in the longitudinal axis of a fighter. Once the 
short period mode is disturbed and become unstable, 
it may cause a disastrous1result by the rapid diver-
gence of this mode. It is obvious that the short pe-
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riod flight clearance is an important and necessary 
step to guarantee the safety and robust stability of 
the fighter[3]. 
The main theory of the flight clearance is to 
transform the control plant and controller into LFT 
respectively, use μ -analysis to check the robust 
stability, and find out the most unstable poles of the 
flight control system[4]. 
This paper mainly discusses the theory of flight 
clearance, uses a certain fighter called X-fighter as 
an example and clears its short period control law. 
2  Basic Theory 
2.1  LFT generation[5,6] 
The big advantage of LFT model is that linear 
time-varying systems depending on parameters can 
be described as an interconnection of a nominal lin-
ear time invariant system and a structured parameter 
block. 
Definition 1  Consider a linear mapping with the 
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mapping matrix 
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M  
M can either be real or complex. When the uncer-
tain parameter blocks 1 1u q pC ×∈Δ and  2 2l q pC ×∈Δ  
are added as feedback paths on the upper ports (w1, 
z1) and the lower ports (w2, z2) of the system respec-
tively, the upper and lower LFTs of M can be de-
fined as 
1
uuu 22 21 11 12( , ) ( )F M M M M
Δ −= + −M IΔ Δ Δ     (1) 
1
ll l 11 12 22 21( , ) ( )F M M M M
Δ −= + −M IΔ Δ Δ      (2) 
matrices (I-M11Δu) and (I-M22Δl) must be invertible 
for each existing LFT. Fig.1 shows the interconnec-
tion of linear mapping. 
Fig.1  Linear mapping 
It can be easily found out that for linear pa-
rameter varying systems, the upper LFT expresses 
exactly the transfer function from w1 to z1, while the 
lower LFT expresses the transfer function from w2 
to z2.  
For a linear state space system shown in Fig.2, 
the transfer function can be expressed as follows 
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Fig.2  State space system in LFT 
2.2  μ-Analysis[7] 
The structured singular value μ  is a criterion 
to judge the robust stability of a system with uncer-
tainties.  
Theorem 1  Consider two stable systems in a feed-
back interconnection as in Fig.3, the closed loop 
system is stable if the product of the gains is smaller 
smaller than 1. 
1 2 1<S S                (4) 
Fig.3  Feedback interconnected system 
Theorem 1 can be interpreted as when the loop 
is circulated, the signal should not be amplified as it 
internally would go towards infinity. Therefore, the 
total gain of the system should always be smaller 
than 1. When the gain equals to 1, it is verified that 
1 2det( ) 0− =I S S             (5) 
Definition 2  The structured singular value of a 
system is defined in the following expression 
{ 1({min ( ) : ,det( ) 0})
( ) (6)
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σμ
−
∈ΔΔ
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Δ Δ Δ Δ
Δ Δ
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I M
where M denotes the system matrix and σ  denotes 
the maximum singular value of matrix M. 
From Definition 2, it is obvious that the maxi-
mum value of μ  reflects the maximum perturba-
tion that can assure the robust stability of the 
closed-loop system. 
If the smallest parameter combination making 
the poles reach the axis is larger than the allowed pa-
rameter value, the system is stable for all allowed pa-
rameter variations. As the parameter variation is al-
ways normalized to [-1, 1], it can be concluded that 
the system is robust stable when μ <1. 
3  Clearance of X-fighter Flight Control Law 
The longitudinal short period state space model 
of X-fighter is used as an example to implement the 
LFT generation theory mentioned above. 
The control law of X-fighter is a gain sched-
uled one with four inputs: a constant input from 
outside, and three feedback inputs, which are attack 
angleα , normal overload Ny and pitching angle rate 
wz. The control command is input into the short pe-
riod model of X-fighter through a series of actuators. 
The gains of the control law are scheduled accord-
ing to the height and Mach number of X-fighter and 
the scheduling of gains is realized by interpolation 
segments. Fig.4 shows the interconnection of the 
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closed loop flight control system. 
Fig.4  Closed loop interconnection of the flight control system 
Because a few linear validation rules will be 
used in the clearance process, the closed loop sys-
tem must be first linearized.  
The LFT model of X-fighter is based on the 
uncertain parameters contained in Table 1, where bA 
denotes the average chord of the X-fighter. 
Table 1  The ranges of uncertain parameters 
Parameter Interval 
Mach( vδ ) 0.6-0.8 
Mass( mδ ) -10% - +10% 
Center of gravity( x-mδ ) -2% bA- +2% bA 
Experimental error( 1 3-δ δ ) -30% - +30% 
Normalizing all the uncertain parameters in [-1, 
1] brings the state space expression of the disturbed 
system as follows 
1 v 2 v
m m
z z2
2x-m
1 x-m v 3 v
1 1(1 0.3 )(1 ) (1 0.3 )(1 )17 70.654 2 0.066 44
1 0.1 1 0.1
1 1(1.5 0.2 )(1 0.3 )(0.382 8 1.807 64)(1 ) 5.110 5(1 0.3 )(1 )
7 73.149 3


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zδ⎥⎥⎥
 
(7)
If vδ , mδ , x-mδ  and 1δ - 3δ  in Eq.(7) are all 
set to zero, the nominal model of X-fighter at flying 
state Ma=0.7 and height H=5 000 m can be gotten. 
In order to simplify the LFT modeling process, 
let 
m
m
m
1 0.11 1 1
1 0.1 0.99 9.9 0.99
δδδ
′+′= + =+     (8) 
and the transformed state space function can be ex-
pressed as follows 
1 v m 2 v m
2
x-m 2z z
1 x-m v 3 v
1 110.660 81(1 0.3 )(1 )(1 0.1 ) 0.067 11(1 0.3 ) (1 )(1 0.1 )
7 7 
(1.5 0.2 )1 1  (1 0.3 )(0.382 8 1.807 64)(1 ) 5.110 5(1 0.3 )(1 )
3.149 37 7


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        (9) 
Ignoring the high order items in Eq.(9) will bring the approximate state space function as follows 
1 v m
2 v m
x-m 1
z z
v 3x-m
v
10.660 81 1 0.3 0.1 117 0.067 11(1 0.3 0.1 )
71.807 64 0.382 8 0.542 292
25.110 5 1 0.32.25 0.61.807 64 7
7 3.149 3


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 (10) 
According to the LFT generation theory intro-
duced in Section 1, the disturbed system can be 
written as 
0
1 v
m x-m
0.660 81 1
1.807 64 0.714 4
0.198 243 0 0.094 401 4 0
0.542 292 0 0.258 234 0
0.066 081 0 0 0
0 0 0.382 8 0.190 518 5
i iδ
δ δ
δ δ
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and 
0 2
v m 3
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5.110 5 0
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(12) 
In order to validate the correctness and effec-
tiveness of the LFT model, a simulation system is 
constructed which is shown in Fig.5.  
The robust stability can be analyzed based on 
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the closed loop control system shown in Fig.5. The 
command mu in MATLAB is used to compute the 
structured singular value of the system. 
 
Fig.5  Closed loop system LFT interconnection 
4  Flight Clearance Software Package 
In order to realize the flight clearance proc-
ess in a fully automatic manner and extricate re-
searchers from the fussy calculations during the 
process, a software is designed to solve these 
problems. 
The programming language MATLAB is 
used to develop the software including the inter-
face which is developed by the graphic user in-
terface(GUI) and the base code developed in 
M-file. 
Fig.6 shows the sketch map of the process 
chart of the software. First of all, the related pa-
rameters are input into the MATLAB GUI inter-
face. These parameters are then transferred to 
MATLAB SIMULINK and M-files to do the mod-
eling of LFT and μ-analysis. After a series of 
calculations, the results of flight clearance will be 
displayed. 
 
Fig.6  Sketch map of the software 
Fig.7 demonstrates the interface of the software. 
Its main goal is to accomplish the flight clearance of 
the short period mode automatically. 
Fig.7  Interface of flight clearance software package 
The interface is developed by GUI. The GUI 
design system allows user to create applications 
consisting of one or more dialogs. GUI design sys-
tem helps users associating functions with each ele-
ment of the dialog. 
As demonstrated in Fig.7, the LFT generation 
method can be chosen and also, information of the 
aircraft can be input. If the Black Box Method is 
chosen in the method choosing unit, the uncertain 
parameter choosing unit is disabled. On another 
hand, if the Rational Method is chosen in the LFT 
Modeling Method unit, users can choose uncertain 
parameters that will be taken into consideration in 
the Uncertain Parameter unit. After all the parame-
ters in the interface are settled, click menu block to 
link the interface with SIMULINK, a simulation 
environment. Users can construct any interconnec-
tion of linear control system in the SIMULINK en-
vironment. After construction of the control system, 
click play button to import the simulation data into 
the M-file. At the same time, click the Compute 
button in the interface to import the flight parame-
ters and uncertain parameters into the M-file. After 
receiving all the needed data from SIMULINK and 
the interface, M-file begins computation and gives 
the result of clearance. 
5  Simulation Results 
The flight condition 0507(height 5 000 m, Mach 
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number 0.7) is chosen as the nominal state. 
Fig.8 shows the comparison of attack angle α  
responses before linearization and after linearization. 
Fig.9 demonstrates the comparison of attack angle 
responses of linearized model and LFT model. 
 
Fig.8  Comparison of the output performances 
Fig.9  Comparison of the output performances 
From Fig.8, it can be concluded that the attack 
angel responses after linearization have little tran-
sient error and no steady state error. From Fig.9，it 
can be concluded that the LFT model has almost the 
same attack angel responses as the original model. 
Simulation results shown in Fig.8 and Fig.9 are 
good evidences to certify the correctnesses of lin-
earization and LFT modeling. 
To validate the robust stability of X-fighter, the 
μ-analysis is performed on the LFT model. Using 
the mu command in MATLAB Robust Control 
Toolbox, the structured singular value of the dis-
turbed system can be computed, 
μ =1.87106>1 
According to the structured singular value the-
ory presented in Section 1, a conclusion can be 
drawn that in the whole range of the uncertain pa-
rameters, the disturbed system can not remain ro-
bust stability. 
Table 2 shows the dominate poles of the dis-
turbed system with the norm of the uncertain pa-
rameter block δ  varying from -1 to 1. 
Table 2  Dominant poles 
δ Dominant poles δ Dominant poles 
-1.0  1.289, 0.358± 0.783i 0.1 -0.775,-0.676± 1.707i 
-0.9  1.130, 0.253± 0.899i 0.2 -0.729,-0.704± 1.693i 
-0.8  0.958, 0.147± 0.998i 0.3 -0.691,-0.713± 1.842i 
-0.7  0.767, 0.040± 1.086i 0.4 -0.658,-0.721± 1.980i 
-0.6  0.549,-0.067± 1.168i 0.5 -0.631,-0.730± 2.108i 
-0.5  0.286,-0.173± 1.248i 0.6 -0.609,-0.738± 2.23i 
-0.4 -0.079,-0.275± 1.328i 0.7 -0.588,-0.746± 2.343i 
-0.3 -1.089,-0.372± 1.408i 0.8 -0.570,-0.755± 2.45i 
-0.2 -0.987,-0.461± 1.488i 0.9 -0.554,-0.763± 2.55i 
-0.1 -0.902,-0.540± 1.565i 1.0 -0.540,-0.772± 2.65i 
0 -0.832,-0.611± 1.639i － － 
From Table 2, it can be concluded that when 
the norm of the uncertain parameter block is be-
tween [-1,-0.7], the disturbed system has a positive 
real root and a couple of complex roots with posi-
tive real part, which implies the instability of the 
system. When the norm of the uncertain parameter 
block is between [-0.7, -0.6], the couple of com-
plex roots become negative while the real root re-
mains positive. When the norm of the uncertain pa-
rameter block is in the interval of [-0.4, 1], all the 
real part of the roots are negative which imply the 
stability of the disturbed system. 
6  Conclusions 
This paper discusses the methodology of the 
flight clearance process. LFT theory and μ-analysis 
are studied and successfully utilized in the flight 
clearance process of the short period mode of 
X-fighter. In addition, a novel software is designed 
to realize the flight clearance process automatically. 
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